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ABSTRACT 

The behavior  Qf an antenna i n  a w a r m  plasma is  determined through 

t h e  s o l u t i o n  of  t he  l i n a a r i z e d  hydrodynamic equat ions  and Maxwell's 

equat ions ,  u s i eg  an approximate ion  shea th  boundary condi t ion .  The 

l a t te r  c o n s i s t s  i n  t h e  r ep resen t ion  of t h e  support  of t h e  shea th  by 

a s t a t i c  e l ec t r i c  double l a y e r  of f i n i t e  p o t e n t i a l ,  r e s u l t i p g  i n  a 

model which has an ab rup t  d i s c o q t i n u i t y  i n  e l e c t r o n  concent ra t ion  

a t  t h e  shea th  edge. This  approximation r e p r e s e n t s  t h e  s t a t i c  charac te r -  

ist ics o f  an a c t u a l  shea th ,  and i s  a reasonable  approximation €or r , f .  

f i e l d s  wi th  wavelengths much g r e a t e r  than t h e  actual  th ickness  of t h e  

shea th  edge. A s  such wavelengths are a l s o  necessary t o  the  neg lec t  of  

Landau damping t h e  ranges of v a l i d i t y  of t h e  hydrodynamic approach and 

of t h e  p re sen t  shea th  model are i d e n t i c a l .  

varying ( r . f . 1  e l e c t r o n  condensat ion a t  t h e  shea th  boundary i s  shown t o  

The presence of  a time 

modify t h e  e l e c t r o n  d i r e c t  c u r r e n t  through t h e  shea th ,  and t o  in t roduce  

a t i m e  varying component of t h i s  c u r r e n t  as w e l l .  This leads  t o  t h e o r e t i -  

ca l  r e p r e s e n t a t i o n s  o f  antenna impedapce and of t h e  d i r e c t  c u r r e n t  col-  

l e c t e d  by an antenna which are similar t o  those  observed by experimenters .  

'SThis r e sea rch  w a s  supported by t h e  Nat iona l  Aeronautics and Space 

Adminis t ra t ion under g r a n t  NsG-269-62. 



1. In t roduc t ion  

I t  has  been c o n s i s t e n t l y  observed, i n  both ionospher ic  and l abora to ry  

experiments ,  t h a t  p r e d i c t i o n s  of t h e  behavior  of antennas i n  plasmas, 

based on co ld  plasma theo ry ,  are  inadequate  t o  exp la in  var ious  d e t a i l s  

o f  t h e  measurements, p a r t i c u l a r l y  i n  those  of  t h e  r e a l  p a r t  of e i t h e r  

t h e  admit tance or impedance o f  an antenna, and as well of t h e  d i r e c t  

c u r r e n t  c o l l e c t e d  by an antenna. 

r e s u l t  when t h e  f i n i t e  temperature  of t h e  e l ec t rons  of t h e  plasma is 

taken i n t o  account .  

Improvements i n  t h e  theory  n a t u r a l l y  

I d e a l l y  t h i s  should be implemented through the  

simultaneous s o l u t i o n  of  Boltzmann's and Maxwell's equa t ions .  However, 

t h e  mathematical  d i f f i c u l t i e s  o f  t h i s  approach are cons iderable  unless  

approximations are made, one of which i s  t h e  use  of t h e  l i n e a r i z e d  

hydrodynamic equat ions  t o  r ep resen t  t h e  impl ica t ions  o f  Boltzmann's 

equat ion  [cf. Gould, 1959; Os ter ,  1960; Cohen, 1961, 1962a, 1962b; 

Wait, 1964; F e j e r ,  1964, and Balmain, 1965, 19661. 

The purpose of  t h e  p re sen t  paper  is t o  show f u r t h e r  a p p l i c a t i o n  

of  t h e  hydrodynamic approach i n  t h e  determinat ion of t h e  behavior  of  

an antenna i n  a w a r m  plasma. 

t h e  shea th  which surrounds an antenna i n  a plasma may be t r e a t e d  as if 

it: were a sha rp ly  def ined d i s c o n t i n u i t y  i n  t h e  e l e c t r o n  concent ra t ion ,  as 

i f  supported by a s ta t ic  e l ec t r i c  double Layer o f  f i n i t e  p o t e n t i a l .  

F e j e r  [1964]has employed a s i m i l a r  condi t ion  embodied i n  an assumption 

o f  a r e f l e c t i n g  boundary, which impl ies  an i n f i n i t e  p o t e n t i a l  b a r r i e r ,  

E s s e n t i a l  t o  t h i s  is an approximation t h a t  
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J u s t i f i c a t i o n  for t h e  assumption of  discont inuous e l e c t r o n  con- 

c e n t r a t i o n  as r e p r e s e n t a t i v e  of a shea th  may be found i n  t h e  work o f  

Pavkovich [1964], i n  which it i s  shown t h a t  most of t h e  change i n  e l e c t r o n  

concent ra t ion  may t a k e  p l a c e  i n  about  one Debye l eng th .  This Of COU??Se 

p l aces  a lower l i m i t  on wavelengths for which t h e  p re sen t  theory  i s  

app l i cab le ;  however, it is  a l s o  t h e  l i m i t  imposed on t h e  hydrodynamic 

theory  by t h e  n e g l e c t  of Landau damping. 

An important  imp l i ca t ion  of t h e  assumed f i n i t e  p o t e n t i a l  b a r r i e r  

approximation is t h a t  it permi ts  a f i n i t e  e l e c t r o n  c u r r e n t  flow t o  t h e  

antenna.  The presence of an o s c i l l a t i n g  ( r . f . 1  f i e l d  produces an 

o s c i l l a t i n g  e l e c t r o n  condensation a t  t h e  shea th  boundary. A s  t h e  

c u r r e n t  through t h e  shea th  depends on t h e  d i s c o n t i n u i t y  i n  t h e  e l e c t r o n  

p res su re  a t  t h e  b a r r i e r ,  t h e  o s c i l l a t i n g  p a r t  of t h e  e l e c t r o n  p res su re  

n e c e s s a r i l y  produces a t i m e  varying component of t he  e l e c t r o n  c u r r e n t  

through t h e  b a r r i e r .  This is no t  un l ike  t h e  a c t u a l  s i t u a t i o n  a t  a 

shea th ,  and it i s  shown i n  t h e  fo l lowing  a n a l y s i s  t h a t  t h e  assumed boundary 

cond i t ion  l e a d s  t o  r e s u l t s  which compare favorably with measurements 

which have been r epor t ed  i n  t h e  l i t e r a t u r e .  



2 .  The F i e l d  Equations 

Waves i n  a w a r m  plasma may be cha rac t e r i zed  by a f i e l d  0, which 

is t h e  collum mat r ix  

E 

H 0 =  
V 

P 

where E is t h e  e l ec t r i c  f i e l d  i n t e n s i t y  ( a  v e c t o r ) ,  H i s  t h e  magnetic 

f i e l d  i n t e n s i t y  ( a  v e c t o r ) ,  v i s  t h e  mean e l e c t r o n  v e l o c i t y  i n  t h e  

plasma ( a  vec to r )  and p i s  t h e  e l e c t r o n  p res su re  pe r tu rba t ion  ( a  sc;:lar). 

The f i e l d  CP i s  produced by a source d i s t r i b u t i o n ,  denoted Y ,  which, i n  

n o t a t i o n  similar t o  t h a t  of Cohen (1962a), is ass igned  t h e  form 

J 
K 
-F 
-Q 

Y =  

where J and K are t h e  convent ional  e l ec t r i c  and magnetic c u r r e n t  den- 

s i t i e s ,  F is  a mechanical f o r c e  dens i ty ,  and Q is  the  r a t e  of e l e c t r o n  

c r e a t i o n  (or emission)  by t h e  source.  The r e l a t i o n s h i p  between t h e  f i e l d  

@ and source  Y is  

Y = M0 (3) 

where t h e  ope ra to r  M i s  a s ta tement  of Maxwell's equat ions and, i n  t h i s  
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a n a l y s i s ,  t h e  l i n e a r i z e d  hydrodynamic equat ions  f o r  momentum and 

c o n t i n u i t y .  

i s  assumed t o  be e 

If the  t i m e  dependence of t h e  f i e l d  and source  q u a n t i t i e s  

i w t  then  M i s  given by t h e  t e n s o r  

M =  
-iup 0 0 

0 
-V A 

0 -iu60u -v 6 e  

m 
0 - -- 

0 0 -v ' - i w K  
0 

( 4 )  

where t h e  usua l  Lorentz gas  approximations have been made, and where 

t h e  n o t a t i o n a l  d e f i n i t i o n s  are 

e - 
m 

E p e r m i t t i v i t y  of f ree  space  

permeabi l i ty  of free space  

magnitude of charge t o  mass r a t i o  for an e l e c t r o n  

0 

1-10 

6o 

K i n v e r s e  e l a s t i c i t y  for e l e c t r o n s  

e l e c t r o n  mass dens i ty  (m times t h e  e l e c t r o n  concent ra t ion)  

0 

u momentum d i s t r i b u t i o n  t e n s o r  

(Por t ions  of t h i s  n o t a t i o n  were suggested t o  t h e  au thor  by G .  A .  

Deschamps. ) The momentum d i s t r i b u t i o n  t e n s o r  2( may be expressed 

i n  g e n e r a l  as 

2 
w 2(= -P -1 
2 x  

w 

( 5 )  

where x is t h e  d i e l e c t r i c  s u s c e p t i b i l i t y  of a co ld  plasma as given by 

t h e  Appleton-Hartree approximation, and w P i s  t h e  plasma frequency 
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&) = -  e E  
0 P m  

For an i s o t r o p i c  plasma ( i . e .  

scalar u def ined  by 

no s t a t i c  magnetic f i e l d ) . u  becomes t h e  

where v is  t h e  e l e c t r o n  c o l l i s i o n  frequency for momentum t r a n s f e r .  

The s i g n i f i c a n c e  of t h e  use of t h e  above n o t a t i o n a l  convention is 

t h a t  E o, p O y  6 o y  and K 

medium. 

may be regarded as i n t r i n s i c  p r o p e r t i e s  of t h e  . o  

These q u a n t i t i e s  are r e l a t e d  by 

2 = l / c  &oVo 

2 = l / a  
& O K O  

where c i s  t h e  v e l o c i t y  of l i g h t  i n  vacuum and a i s  t h e  so-ca l led  

s o n i c  v e l o c i t y  for an  e l e c t r o n  gas ,  which i s  def ined  by 

where y i s  t h e  r a t i o  o f  s p e c i f i c  h e a t s ,  k is  Boltzmann’s cons tan t ,  and 

T i s  t h e  e l e c t r o n  temperature .  I t  should be f u r t h e r  noted t h a t  j u s t  3s 

1 E and 1.1 H have s i g n i f i c a n c e  i n  e lec t romagnet ic  theory as displacement 

d e n s i t y  and magnetic induct ion  r e s p e c t i v e l y ,  t h e  q u a n t i t y  6 v is i d e n t i f i a b l e  

B 

0 0 

0 

as t h e  dens i ty  of e l e c t r o n  momentum, and K p as t h e  e l e c t r o n  condensation 

( i . e . y  t h e  r a t i o  of t h e  p e r t u r b a t i o n  of  e l e c t r o n  concent ra t ion  t o  i t s  

t i m e  average 1. 

0 
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JT 
YT = K 

-FT 

For t h e  degenerate  case of no s t a t i c  magnetic f i e l d ,  it i s  p o s s i b l e  

- 

¶ 

L' t o  s e p a r a t e  @ i n t o  a t r a n s v e r s e  f i e l d  0 

which are r e s p e c t i v e l y  

and a l o n g i t u d i n a l  f i e l d  @ T 

S i m i l a r l y  Y s e p a r a t e s  i n t o  a source  Y which con t r ibu te s  only t o  

t rqnsve r se  f i e l d s ,  and Y 

i , e .  

T 

which con t r ibu te s  only t o  l o n g i t u d i n a l  f i e l d s ,  L 

A d i scuss ion  of  t h e  s e p a r a t i o n  of J i n t o  t r a n s v e r s e  and l o n g i t u d i n a l  

p a r t s  has been given by Balmain [1963]; t h e  sepa ra t ion  o f  F fol lows a 

similar argument. A u s e f u l  c o n t i n u i t y  equat ion f o r  t h e  source is  

6 e  
Q V'J Z V'J = - i w p  + - 0 L m (12) 

where p is t h e  source charge dens i ty ;  t h i s  impl ies  t h a t  P is  a derived 

quan t i ty .  The f i e l d  equat ions  may be  expressed 

Y T = M  @ T T  

Y = M  @ L L L  

(13) 

where 
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MT 

ML 

-17, - i upo 

0 

__. 

m 

0 

- i uSoU 

60e 0 - - i W E  
0 m 

6 e  

m 
- 0  - - i w S o U  -V 

-V* - i W K  
0 

0 

Thus, it may be noted t h a t  t h e  t r a n s v e r s e  f i e l d  equat ion is exac t ly  t h a t  

f o r  a co ld  i s o t r o p i c  plasma. The na tu re  of t h e  l o n g i t u d i n a l  f i e l d  equa- 

t i o n  may be more fully understood i f  E and v are i d e n t i f i e d  as L L 

(15) 
v = -vrl L 

where €, and q are scalar p o t e n t i a l  func t ions .  In  add i t ion ,  an ope ra to r ,  

DL, which gives a d iagonal  form t o  D L L L  M @ is 
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DL = 

- ( V 2 t k  2 u ) v -  
i w E o  P 

l t b e  

~m V '  0 0  

0 

V '  oe 
iwe m 

0 

V '  
60Koe 

~m 
0 

boe  2 
V iwc m 

0 

2 i w  KoV * V 

V '  i w t i o U (  l t X o )  

2 2  
where y, i s  t h e  i s o t r o p i c  co ld  plasma s u s c e p t i b i l i t y  ( x  = -w / w  u), 

0 0 P 
and k is t h e  plasma wave number g iven  by 

P 

i 17) 

where kD is  t h e  Debye wave number. 

l o n g i t u d i n a l  f i e l d  equat ion  with D, r e s u l t s  i n  

Operation on both s i d e s  of  t h e  

= ( V  2 - a >  2 
DLyL 

where 

L 

V 2  0 0 

0 v2  0 

0 0 1 

a2 k p 2 (  2) 

(18) 

It i s  ev iden t  from t h e  form of equat ion  (18) t h a t  t h e  scalar  f i e l d s  5 
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rl and p may propagate  i n  a source  f r e e  reg ion  with complex wave number 

- i a ;  t h i s  r e p r e s e n t s  t h e  e l e c t r o a c o u s t i c  f i e l d .  

may each s a t i s f y  Poisson ' s  equat ion ,  which g ive  t h e  e l e c t r o s t a t i c  e l e c t r i c  

and v e l o c i t y  f i e l d s .  Due t o  t h e  form of D \y it can be f u r t h e r  ascer- 

t a i n e d  t h a t  t h e  e l e c t r o s t a t i c  f i e l d s  are those  which would e x i s t  i n  a 

co ld  plasma. 

In  a d d i t i o n  5 and TI 

L L  

I n  e lec t romagnet ic  theory  a u s e f u l  concept is t h a t  of r e a c t i o n  

[cf. Rumsey, 19541.  To extend t h i s  t o  t h e  p r e s e n t  case it is  h e l p f u l  t o  

in t roduce  t h e  f i e l d  @, which i s  def ined  as 
iJ 

E 

-H 
N 
Q , =  

-V 

P 

Then f o r  two sources  '4 and YB, t h e  Loren-kz r e l a t i o n  i s  A 

v T  *u T * T  
*B - @B 'A ZAT M QB - Q, M QA = @A B 

( 2 0 )  

(21) 

For t h e  s p e c i a l  case of  no magnetic f i e l d  t h e  le f t -hand  s i d e  of t h i s  

equat ion  may be manipulated i n t o  t h e  form 

V * (EBAHA - E A "  H B + vApB - vBpA) 

Upon i n t e g r a t i o n  of  both s i d e s  of equat ion ( 2 1 )  over  a s u f f i c i e n t l y  

l a r g e  volume, wi th  t h e  assumption of some loss, t h e  le f t -hand  s i d e  vanishes ,  
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and t h e  r e s u l t i n g  r e c i p r o c i t y ,  or r e a c t i o n ,  r e l a t i o n  is 

where each i n t e g r a t i o n  i s  over t h e  support  of t h e  appropr i a t e  source .  

Rumsey [1954] has des igna ted  t h e  quan t i ty  <AB> t h e  r e a c t i o n  of t h e  

sources  A and B. 

terms def ined  f o r  u n i t  c u r r e n t  i n p u t  t o  t h e  t e rmina l s  of each source ,  

-<AB> is  t h e  mutual impedance, while  for u n i t  vo l tage  input  it i s  t h e  

mutual admit tance,  I n  t h e  l i m i t i n g  case where Y and YB are t h e  same 

source ,  t h e  self r e a c t i o n  l eads  t o  t h e  inpu t  impedance or adrnit tanc-.  

These observa t ions  are i d e n t i c a l  t o  those  i n  network theory  based on 

t h e  r e c i p r o c i t y  theorem. 

Its phys ica l  s i g n i f i c a n c e  is t h a t  with f i e l d  and source 

A 



3 .  An Approximate Sheath Boundary Condition 

The shea th  which surrounds a conducting body i n  a plasma may be 

cha rac t e r i zed ,  i n s o f a r  as t h e  Lorentz gas assumptions are concerned, 

as a reg ion  i n  which the  e l e c t r o n  concent ra t ion  is much less than t h e  

ambient concent ra t ion  i n  t h e  plasma. 

bu t  t h e  major po r t ion  of  t h e  change i n  concent ra t ion  may t ake  p l ace  i n  

The shea th  boundary i s  n o t  ab rup t ,  

about  one Debye l eng th  [c f .  Pavkovich, 19641. Thus f o r  f i e l d s  with wave- 

l eng ths  much g r e a t e r  than  a Debye l eng th ,  it i s  permiss ib le  t o  approximate 

a shea th  as an  ab rup t  d i s c o n t i n u i t y  i n  e l e c t r o n  concent ra t ion .  F i e ids  

which propagate  wi th  wavelengths n e a r l y  equal  t o  t h e  Debye l eng th  i n  t h e  hydro- 

dynamic theory  are p h y s i c a l l y  un rea l i zab le ,  due t o  Landau damping. Thus 

t h e  ranges of a p p l i c a b i l i t y  of t h e  p re sen t  shea th  approximation and of t h e  

hydrodynamic theory  are t h e  same. 

The e x i s t e n c e  of a shea th  about  a body i n  a plasma i s  a n a t u r a l  

t h ing  which occurs  due t o  t h e  theyma1 motion of e l e c t r o n s  and ions ,  which 

r e s u l t s  i n  a s t a t i c  nega t ive  charge on t h e  body and a surrounding reg ion  

of excess  p o s i t i v e  i o n s .  However, a conjec ture  of an abrupt  d i scon t inu i ty  

i n  e l e c t r o n  concen t r a t ion  a t  t h e  shea th  edge has  t h e  phys ica l  impl ica t ion  

t h a t  an e l ec t r i c  double l a y e r  e x i s t s  as a b a r r i e r .  For such a model t o  

have phys ica l  s i g n i f i c a n c e  it is necessary  t h a t  t h e  s u r f a c e  charge on t h e  

i n n e r  s h e l l  of t h e  assumed e lec t r ic  double l a y e r  be equal  t o  t h a t  on t h e  

body i n  t h e  ac tua l  case, and t h a t  on t h e  o u t e r  s h e l l  be equal  t o  t h e  

t o t a l  excess  p o s i t i v e  ion  charge i n  t h e  shea th .  For equi l ibr ium condi t ions  

it is ev iden t  t h a t  t h e  i n n e r  and o u t e r  charges are equal  i n  magnitude 

b u t  of oppos i t e  s ign .  
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To e l u c i d a t e  t h e  s i m i l a r i t y  of t h e  p r e s e n t  b a r r i e r  approximation 

t o  an a c t u a l  shea th  cons ider  a one-dimensional s i t u a t i o n  of  a p lane  

conductor i n  a plasma. 

surface charge o per  u n i t  area ( a  nega t ive  q u a n t i t y ) ,  t h e  condensation 

o f  p o s i t i v e  charge i n  t h e  shea th  is  S and t h e  ambient p o s i t i v e  ion  con- 

c e n t r a t i o n  i n  t h e  plasma ou t s ide  t h e  shea th  is assumed t o  equal  t h a t  of 

t h e  e l e c t r o n s ,  S /m. Thus t h e  d i s t r i b u t i o n  of charge i n  the  a c t u a l  shea th  

i s  

The actual conductor i s  presumed t o  have s t a t i c  

+' 

0 

where a ( x >  is the  Dirac d e l t a  func t ion ,  and t h e  x d i r e c t i o n  i s  takcn 

DC , t o  be normal t o  t h e  conductor su r face .  

f o r  x > 0 is  

The s ta t ic  e l ec t r i c  f i e l d ,  E 

n 

where x i s  a u n i t  vec tor  i n  t h e  x d i r e c t i o n  and 5 i s  a dummy v a r i a b l e .  

From t h i s ,  t h e  e l ec t r i c  p o t e n t i a l  o f  t h e  conductor may be found t o  be 

I .  (5 - - -  
E 

dx E (x) 
DC 

0 

VDC(0) = X' 

Hence an e l e c t r o n  which e n t e r s  t h e  shea th  from t h e  plasma and reaches  t h e  

conductor l ooses  k i n e t i c  energy - ae/EO. 

b a r r i e r  approximation, t h e  s ta t ic  charge d i s t r i b u t i o n  model is 

For t h e  e lec t r ic  double l a y e r  
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where ~'(x-x 

is  t h e  coord ina te  of t h e  b a r r i e r .  The s t a t i c  e l e c t r i c  f i e l d  f o r  t h i s  

case is  

is t h e  d e r i v a t i v e  of t h e  Dirac d e l t a  func t ion ,  and x 
0 0 

and t h e  e l ec t r i c  p o t e n t i a l  as a func t ion  o f  x i s  

where 0 is t h e  Heavis ide func t ion  (or u n i t  s t e p  func t ion ) ,  i . e .  

Therefore  t h e  k i n e t i c  energy l o s t  by an e l e c t r o n  i n  t r a v e r s i n g  t h e  ap- 

proximate shea th  boundary, -ae/EO, is i d e n t i c a l  t o  t h a t  l o s t  by an 

e l e c t r o n  i n  t r a v e r s i n g  t h e  a c t u a l  shea th .  

possess ing  t h e  r e q u i r e d  i n i t i a l  energy a r e  r e f l e c t e d ,  and i n  e i t h e r  case 

t h e  effect  o f  e l e c t r o n  molecule c o l l i s i o n s  wi th in  t h e  shea th  is  t o  

i n c r e a s e  t h e  apparent  b a r r i e r  p o t e n t i a l .  

uncommon for t h e  e l e c t r o n  mean f ree  pa th  l eng th  t o  g r e a t l y  exceed t h e  Debye 

I n  e i t h e r  case e l e c t r o n s  not  

I n  t h e  ionosphere it is  not  

l eng th ,  and thus  t h e  n e g l e c t  of c o l l i s i o n s  wi th in  t h e  shea th  should n o t  

y i e l d  misleading conclusions.  
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Elec t rons  which traverse t h e  shea th  and reach the  conducting p lane  

must have i n i t i a l  speeds i n  t h e  -x d i r e c t i o n  which exceed -, 

Thus t h e  e l e c t r o n  c u r r e n t  dens i ty  through t h e  shea th  i s  
0 

where f ( v )  is  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  func t ion  o u t s i d e  t h e  

shea th ,  and aga in  c o l l i s i o n s  wi th in  t h e  shea th  are neglec ted .  Assuming 

f ( v )  t o  be Maxwellian, 

'0 
(29) 

I t  should be noted t h a t  t h i s  r e s u l t  i s  app l i cab le  f o r  nega t ive  values  

of rs. The mathematical  r a m i f i c a t i o n  of p o s i t i v e  rs is  t h a t  t h e  exponen- 

t i a l  t e r m  must be r ep laced  by uni ty ;  and t h e  r e s u l t i n g  boundary condi t ion  

is  t h a t  cha rac t e r i zed  as abso rp t ive  by Balmain [1966]. 

The presence of a time varying l o n g i t u d i n a l  f i e l d  i n  t h e  plasma 

may cause f l u c t u a t i o n  of t h e  e l e c t r o n  condensation a t  t h e  shea th  boundary. 

Because express ion  (29)  depends both on e l e c t r o n  concent ra t ion  and 

temperature ,  it i s  ev ident  t h a t  if t h e s e  q u a n t i t i e s  were t o  f l u c t u a t e  a t  

t he  shea th  boundary a similar f l u c t u a t i o n  would be  impressed upon io.  

Thus t h e  c u r r e n t  d e n s i t y  through t h e  shea th  a t  frequency w may be ap- 

proximated for small condensat ions by 
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where AS(W,X ) is  the  d iscont inuous  change i n  t h e  time-varying e l e c t r o n  

condensation ac ross  t h e  shea th  b a r r i e r .  Performing t h e  d i f f e r e n t i a t i o n  

for a d i a b a t i c  cond i t ions  g ives  

0 

where r i s  t h e  c u r r e n t  d e n s i t y  c o e f f i c i e n t  

If it i s  assumed t h a t  t h e r e  i s  no t ime-varying concent ra t ion  of  suiiface 

charge on the  shea th  b a r r i e r  ( a t  x = x 1, then t h e  dens i ty  of c u r r e n t  

through t h e  shea th  is a l s o  given by 

0 

where t h e  prime denotes  q u a n t i t i e s  wi th in  t h e  shea th ,  and Ax is an a r b i t r a r i l y  

small p o s i t i v e  displacement .  The equivalence of equat ions  (31)  and (33) 

is  t h e  essence  of t h e  e l e c t r o n  c u r r e n t  boundary condi t ion  f o r  t h e  abrupt ly  

discont inuous e l e c t r o n  concen t r a t ion  model of t h e  shea th .  



4. Appl ica t ion  t o  Antenna Impedance Problem 

To f u r t h e r  e l u c i d a t e  t h e  u t i l i t y  of  t h e  p re sen t  hydrodynamic ap- 

proach, it w i l l  be u s e f u l  t o  apply it t o  t h e  s tudy of t h e  e l e c t r i c a l  

behavior  of  an antenna i n  a w a r m  i s o t r o p i c  plasma. 

r e l a t i v e l y  s imple geometry, similar t o  t h e  Her tz ian  d ipo le ,  w i l l  be 

employed. A ske tch  of  t h e  assumed antenna i s  shown i n  Figure 1. It 

c o n s i s t s  of two spheres ,  each of  r a d i u s  R ,  which a r e  sepa ra t ed  by t h e  

d i s t a n c e  L ,  where t h e  dimensions are assumed t o  s a t i s f y  t h e  cond i t ion  

For t h i s  purpose a 

and where k i s  t h e  free space e lec t romagnet ic  wave number (=w/c) ,  and 

k i s  t h e  plasma wave number (=w / a ) .  Connecting t h e  spheres  i s  a cy- 

l i n d r i c a l  conductor,  on t h e  s u r f a c e  of which i s  e s s e n t i a l l y  a divergence- 

less s u r f a c e  c u r r e n t ,  equa l  i n  t o t a l  t o  I t h e  gene ra to r  c u r r e n t .  A t  

t h e  s u r f a c e  of each sphere t h e  c u r r e n t  d e n s i t y  is presumed t o  have a 

divergence,  l ead ing  t o  an  approximately uniform o s c i l l a t i n g  s u r f a c e  charge 

on each sphere .  Thus for t h e  assumed geometry J 

l i n e  c u r r e n t  between t h e  spheres  whi le  J 

s u r f a c e s  o f  t h e  spheres .  

0 

P P 

8’ 

e x i s t s  as a uniform T 

has  divergence only a t  t h e  L 

The t r a n s v e r s e  f i e l d ,  @ 

as w a s  i n d i c a t e d  i n  equat ion  (13) .  

of t h e  c u r r e n t  JT, and thus  t h e  t r a n s v e r s e  f i e l d  is approximately t h a t  

r a d i a t e d  by a Her tz ian  d i p o l e  of moment L I  

b i l i t y  xo. 

i s  a s o l u t i o n  t o  t h e  equat ion YT = 
T’ 

In  t h e  p re sen t  case YT c o n s i s t s  Only 

i n  a cold plasma of suscep t i -  
g 

Deschamps ~1962) has shown t h a t  t h e  impedance of an antenna i n  
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a conducting medium having complex d i e l e c t r i c  cons t an t  

i t s  free space  impedance by 

is  r e l a t e d  t o  

( 3 5 )  

2 where n is t h e  r e f r a c t i v e  index of t h e  conducting medium ( i . e . ,  E = n E 1. 
0 

I 

I n  free space  t h e  c u r r e n t  element of a Her tz ian  d i p o l e  c o n t r i b u t e s ,  t o  

a f i rs t  o rde r  approximation, only t o  t h e  r a d i a t e d  f i e l d s ,  while t h e  in -  

duc t ion  and e l e c t r o s t a t i c  f i e l d s  are due t o  t h e  divergence of  t h e  c u r r e n t  

a t  e i t h e r  end of t h e  d i p o l e  [cf. Jordan, 19501. Thus t h e  c o n t r i b u t i o n  of 

J t o  t h e  d ipo le  impedance i n  free space is  t h e  r a d i a t i o n  r e s i s t a n c e  

(g20 ko L ) .  

f i e l d  c o n t r i b u t i o n  t o  t h e  antenna impedance t o  be 

T 
2 2  Applying r e l a t i o n  ( 3 5 )  t o  t h e  plasma case g ives  t h e  t r a n s v e r s e  

z T = 20 ko2 L2 q- ( 3 6 )  

The effect  o f  a shea th  about JT i s  n e g l i g i b l e  i n  t h i s  approximation, just 

as t h e  r a d i u s  of t h e  conductor is unimportant. 

To e x p l a i n  t h e  e f f e c t s  of t h e  e l e c t r o s t a t i c  and e l e c t r o a c o u s t i c  

( i . e . ,  l o n g i t u d i n a l )  f i e l d s  on antenna behavior,  it w i l l  be h e l p f u l  t o  

first examine t h e  f i e l d s  of a s i n g l e  sphere  wi th  o s c i l l a t i n g  s u r f a c e  

charge,  and la ter  t o  compute t h e  mutual effect  of two such spheres  on antenna 

impedance. 

The g e n e r a l  form of s o l u t i o n  t o  equat ion  (18) i n  a source  free 

reg ion  i n  s p h e r i c a l  coord ina te s  is 
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EL 

Q L  = v L 

P 

where r is t h e  r a d i a l  coord ina te ,  a is def ined  i n  equat ion (191, and A1, 

A 2 ,  B1, B2, and C are cons t an t s .  

as given by equat ions  ( 1 5 )  g ives  t h e  gene ra l  form o f  Q 

Applying t h e  d e f i n i t i o n s  of E and n 

t o  be L 

h 

- r [A1 + A2(a r+ l ) e  -arl 
r 
r 

r 

C -ar - e  r 

2 ' 

h 

- - 3 [B1 + B2(ar+l)e-"rl  (38 )  

where 5? is a u n i t  vec to r  i n  t h e  r a d i a l  coord ina te  d i r e c t i o n .  Assuming 

t h a t  if F and Q e x i s t ,  t h e s e  act  only as surface sources ,  t h e  form of  

a)L is  unchanged i n  a reg ion  where t h e  source c u r r e n t  J 

gence,  because of t h e  form o f  D Y cf .  equat ion  (18). The proper  form 

o f  J which has  divergence,  and hence charge accumulation, only on t h e  

s p h e r i c a l  conductor is ,  from equat ion  (121, 

L 
has zero d iver -  L 

L I ; '  

L 

where 0 is  t h e  u n i t  s t e p  (or Heaviside ) func t ion  def ined  previous ly  

in equat ion  ( 2 7 ) .  While t h i s  i s  n o t  a phys ica l ly  rea l i s t ic  c u r r e n t  

d i s t r i b u t i o n  it satisfies t h e  cond i t ion  t h a t  VhJ = 0 ,  and i n  a d d i t i o n  L 
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has t h e  necessary  form f o r  uniform charge d i s t r i b u t i o n  on t h e  sphere .  

S u b s t i t u t i o n  of expres s ions  (38) and ( 3 9 )  i n t o  t h e  l o n g i t u d i n a l  f i e l d  

equat ion  Q = M @ g i v e s  t h e  r e l a t i o n s h i p s  L L L  

1 I 
A =  (-1 1 i u s  47r l+xo 

0 

Thus t h e  only  unknown q u a n t i t y  i s  t h e  cons t an t  A 

ob ta ined  by a p p l i c a t i o n  o f  a boundary cond i t ion .  

which must be  
2’ 

I n  t h e  fo l lowing ,  q u a n t i t i e s  r e l a t e d  t o  t h e  shea th  are des igna ted  by 

t h e  a d d i t i o n  of a prime: t h e  shea th  r a d i u s  is R’, t h e  s u s c e p t i b i l i t y  wi th in  

t h e  shea th  x ’, etc .  It  i s  assumed t h a t  t h e  plasma frequency wi th in  t h e  

shea th  i s  small as compared wi th  t h e  app l i ed  frequency, s o  t h a t  t h e  

e l e c t r o a c o u s t i c  f i e l d  w i t h i n  t h e  shea th  r eg ion  may be neg lec t ed .  Thus 

wi th  t h e  a i d  of equat ions  (40),  @ may be expressed i n  t h e  form 

0 

L 
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+ 

where t h e  unknowns x ' and A must be eva lua ted  by s a t i s f y i n g  the  boundary 

cond i t ion  a t  r = R'  t h a t  e l e c t r o n  momentum i s  conserved. A s  g iven by 

equat ion  (331, t h i s  may be expressed i n  terms of t h e  c o e f f i c i e n t s  of 

equat ion  (41)  as 

0 2 

I d e n t i f y i n g  -AS as K p ( R ' ) ,  equa t ion  (31) is  equ iva len t  t o  
0 

By equat ing  express ions  (42)  and (43 ) ,  t h e  r e l a t i o n s  
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and 

are obtained.  These may be s u b s t i t u t e d  i n t o  equat ion (41) t o  complete 

t h e  formulat ion of  a, f o r  an i s o l a t e d  sphere .  L 

To determine t h e  impedance of t h e  assumed antenna it i s  necessary 

t o  cons ider  t h e  c o n t r i b u t i o n s  of both t h e  t r a n s v e r s e  and longitudic,Gl 

f i e l d s .  Examination o f  t h e  conf igu ra t ion ,  shown i n  Figure 1, w i l l  i n -  

d i c a t e  t h a t  t h e  impedance due t o  t h e s e  f i e l d s  are  i n  effect  a d d i t i v e  

a t  t h e  antenna t e rmina l s .  Thus t h e  input  impedanze Z i s  t h e  sum 

where Z 

while  Z 

is due t o  t r a n s v e r s e  f i e l d ,  and i s  given by e q u a t i ~ n  (361,  

t h a t  due t o  t h e  l o n g i t u d i n a l  f i e l d ,  mus t  be determined. 

T 

L' 
The l a t t e r  may be accomplished by a p p l i c a t i o n  of equat ion ( 2 2 )  t o  

t h e  self  r e a c t i o n ,  i . e .  

a T  
A 

wi th  t h e  elements of 

t h e  p r e s e n t  formulat ion t h e  only t e r m  i n  t h e  source  mat r ix ,  y A y  is  J 

equal  t o  t h e  appropr i a t e  q u a n t i t i e s  of QL. I n  

T' 
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which is  e s s e n t i a l l y  a l i n e  c u r r e n t  of u n i t  amplitude ( I  = 1) between 
g 

t h e  two spheres .  Because of the symmetry which e x i s t s  i n  t h e  assumed 

L’ conf igu ra t ion  t h e  f i e l d  of each sphere  c o n t r i b u t e s  i d e n t i c a l l y  t o  7, 

and t h e r e f o r e  equat ion  (47 )  may be  expressed 

fL-R 

where t h e  f i e l d  E i s  t h a t  given by equat ion (41) with I = 1. Performing 
L g 

t h e  i n d i c a t e d  i n t e g r a t i o n  g ives  

I 
2 R( L-R‘ ) z =  L i w ~ ~ 4 n R  + LR’(l+x,) 

where A and x are given by equat ions  ( 4 4 )  and ( 4 5 )  r e spec t ive ly .  

Note t h a t  t h e  first p a r t  of Z 

t h e  antenna i n  a co ld  plasma, and t h a t  it approaches t h e  appropr i a t e  

2 0 

r e p r e s e n t s  t h e  e l e c t r o s t a t i c  impedance of L 

form as x and x f approach zero  ( i . e . ,  f ree  space cond i t ions ) .  The 

second p a r t  of Z is due t o  t h e  e l e c t r o a c o u s t i c  f i e l d s ;  it i n d i c a t e s  t h a t  

a t  f requencies  a t  which c1 is e s s e n t i a l l y  imaginary ( w > w  ) t h e r e  i s  an  

o s c i l l a t i n g  dependence of Z on t h e  d ipo le  length  L. 

may be s e v e r a l  e l e c t r o a c o u s t i c  wavelengths, arid t h e  r e s u l t i n g  behavior  

0 0 

L 

P 
This  i s  because L L 

is n o t  un l ike  t ha t  of an antenna i n  free space  which is  very long i n  terms 

o f  t h e  e lec t romagnet ic  wavelength. 

duces t o  twice t h e  impedance of an i s o l a t e d  sphere i f  L is  allowed t o  

It may a l s o  be observed t h a t  Z re- L 
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become i n f i n i t e ,  and fur thermore t h a t  if t h e  shea th  is  co l l apsed  (R' = R) 

and t h e  surface b a r r i e r  p o t e n t i a l  made i n f i n i t e  (-Gee/€ 

r e s u l t  is  e x a c t l y  t h a t  de r ived  by F e j e r  [1964] for t h e  p e r f e c t l y  r e f l e c t i n g  

+ a) then  t h i s  
0 

boundary condi t ion .  I n  a d d i t i o n ,  express ion  (49)  becomes exactly twice 

t h e  impedance of  an i s o l a t e d  sphere  as c a l c u l a t e d  by Balmain C19661 f o r  

an abso rp t ive  boundary cond i t ion  i f  L -+ 03, R' = R ,  ue/co = 0 ( i . e . ,  no 

shea th  b a r r i e r ) ,  and Balmain's absorp t ion  c o e f f i c i e n t ,  a ,  i s  s e t  equal  t o  

For a nominal value of y, say  y = 2 ,  t h i s  is 3pproximately equa l  t o  Balmain's 

l i m i t i n g  value of a = f i . Thus t h e  p re sen t  theory  i s  s u f f i c i e n t l y  g e n e r a l  

t o  inc lude  t h e  r e s u l t s  found by o t h e r  workers for t h e s e  l i m i t i n g  cases. 

The impedance of t h e  assumed antenna,  t h e  sum of Z and ZL, may now T 
be expressed,  i n  terms of e lec t romagnet ic ,  e l e c t r o s t a t i c ,  and e l e c t r o a c o u s t i c  

c o n t r i b u t i o n s  , as 

Z = 2 0 k 2 L 2 G  0 0 (e lec t romagnet ic )  

( e l e c t r o s t a t i c  1 
( 5 1 )  

2 R '  -R R( L-R' 
+ ~ W E ~ ~ I T R  {R' (1+x 0 ' ) + LR' ( l+xo) 

e -a( L-R) 

L - R  ( e l e c t r o a c o u s t i c )  

Because of  cond i t ion  (34)  it i s  obvious t h a t  t h e  e lec t romagnet ic  term i s  

r e l a t i v e l y  unimportant ,  as is t h e  case f o r  any s m a l l  antenna. 



5. The Direct Current  Co l l ec t ed  by a Probe 

A resonant  behavior  of t h e  d i r e c t  cu r ren t  cs l lected by a probe i n  

a w a r m  plasma has  been observed as t h e  app l i ed  frequency is swept through 

a range which inc ludes  t h e  plasma frequency [cf. Takayama e t  a l . ,  1960 

or Miyazaki e t  a l . ,  19601. 

f l e c t i n g  boundary condi t ion  (corresponding t o  an i n f i n i t e  p o t e n t i a l  bar-  

r i e r  i n  t h e  p re sen t  a n a l y s i s )  t h e  electron condensation a t  t h e  shea th  

e x h i b i t s  a similar resonant  behavior  a t  a frequency which i s  notab ly  less 

than  t h e  plasma frequency, and which depends upon t h e  dimensions of  t h e  

probe as w e l l  as upon t h e  plasma parameters .  

b a r r i e r  suppor t ing  t h e  shea th  t h e  e f fec t  of She e l e c t r o n  condensation a t  

t h e  shea th  boundary is t o  in f luence  t h e  t r a n s p o r t  of e l e c t r o n s  through 

t h e  shea th .  

Fejer C19641 has  poin ted  out  t h a t  for a re- 

With a f i n i t e  p o t e n t i a l  

The c u r r e n t  dens i ty  through t h e  shea th  was t r e q t e d  l i n e a r l y  i n  t h e  

previous d i scuss ion .  A more accu ra t e  r e p r e s e n t a t i o n  would be t o  expand 

t h e  c u r r e n t  as a Tayor series i n  powers of t h e  e l e c t r o n  condensation, 

and o b t a i n  t h e  d i r e c t  c u r r e n t  as t h e  t i m e  average.  

f o r  t h e  second o r d e r  n o n l i n e a r i t y  i q  equat ion (29)  with a d i a b a t i c  condi t ions ,  

Thus by accounting 

t h e  d i r e c t  c u r r e n t  t o  t h e  probe i s  
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where s ( R ' )  is  t h e  e l e c t r o n  condensation a t  t h e  b a r r i e r  

and 0 r e p r e s e n t s  t h e  b a r r i e r  p o t e n t i a l  c o e f f i c i e n t  

u e  e = - -  
'okBT 

(54)  

By inspec t ion  of express ion  ( 5 2 )  it is evident  t h a t  IDc w i l l  have a 

resonant  maximum only i f  t h e  magnitude of s ( R ' )  does l ikewise .  However 

t h e  p rev ious ly  der ived  express ion  f o r  p ,  i n  equat ian  (411, does not  i n -  

h e r e n t l y  posess  a resonant  behavior .  Rather t h e  resonance must be due t v  

t h e  behavior  of I , which is  a func t ion  of app l i ed  frequency, un less  the 

r .f .  source  has  i n f i n i t e  impedance. Thus f o r  a cons tan t  vo l tage  r . f .  

gene ra to r  t h e  q u a n t i t y  s ( R ' )  t o  be used i n  expression ( 5 2 )  must be t h a t  

g 

f o r  I = V / Z ,  or 
g g  

~ 6 e V  1 
sV(R') = iwe'4lrR'mZ 

0 

0 

where V is t h e  gene ra to r  vo l tage  (peak)  and Z is t h e  impedance given by 

equat ion  ( 5 1 ) .  I t  is  evident  t h a t ,  i n  t h i s  a n a l y s i s ,  t h e  l i n e q r i z e d  

theory  is v a l i d  only if Is1 << 1; hence t h e  e x t e n t  t o  which equat ion ( 5 2 )  

can r e p r e s e n t  t h e  dependence of I 

l i n e a r i z a t i o n  inhe ren t  i n  t h e  formulat ion of express ion  (4). 

g 

on e i t h e r  w or V is l i m i t e d  by t h e  
DC g 



6.  Numerical Ca lcu la t ions  

To f u r t h e r  e l u c i d a t e  t h e  r e s u l t s  of t h e  p r e s e n t  a n a l y s i s ,  i t  i s  

u s e f u l  t o  r e s o r t  t o  numerical  c a l c u l a t i o n s .  Rather  than  gene ra l i ze ,  t h e  

subsequent a n a l y s i s  is  s p e c i f i c a l l y  r e l a t e d  t o  t y p i c a l  ionospher ic  ex- 

per imenta l  condi t ions ;  t h i s  i s  done t o  demonstrate t h e  u t i l i t y  of t h e  

p r e s e n t  hydrodynamic approach t o  problem so lv ing ,  and n o t  n e c e s s a r i l y  

t h e  u t i l i t y  of t h e  assumed antenna conf igura t ion  as a probe. The f o l -  

lowing parameter va lues  are chosen as r e p r e s e n t a t i v e  of  poss ib l e  ionospher ic  

experimental  condi t ions :  

11 e l e c t r o n  concent ra t ion  (b, /m) 10 

e l e c t r o n  temperature  (T) 300°K 

s p e c i f i c  h e a t  r a t i o  ( y )  3 

antenna l eng th  ( L )  .5 meter 

sphere  r a d i u s  (R) .05 meter 

shea th  th i ckness  (R' -R) 

r.f. source  vol tage  (V 1 .1 v o l t  

b a r r i e r  p o t e n t i a l  c o e f f i c i e n t  ( 0 )  3-5 

2 /kp 

g 

I n  t h e  subsequent a n a l y s i s ,  t h e  behavior  of such an antenna, as given 

by t h e  p re sen t  theory ,  w i l l  be i l l u s t r a t e d ,  as w i l l  t h e  e f f e c t  of v a r i a t i o n  

o f  s e v e r a l  of t h e  experimental  parameters .  

For t h e  aforementioned nominal parameters ,  Figure 2 shows t h e  

behavior  of  t h e  real  and imaginary p a r t s  of  t h e  antenna admittaoce,  Y ,  where 
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Y = Z-I ohm-' 

as func t ions  o f  

f o r  two va lues  Qf t h e  b a r r i e r  p o t e n t i a l  coef-  

'DC and of t h e  d i r e c t  c u r r e n t  c o l l e c t e d  by one sphere ,  

normalized frequency w / w  
P 

f i c i e n t ,  0 = 3 and 5. This  c l e a r l y  shows t h e  resonant  na tu res  of both Y 

and I t h e  l a t t e r  having t h e  g e n e r a l  f e a t u r e s  noted by Takayama e t  a l .  DC ' 
E19601 i n  l abora to ry  experiments.  I t  a l s o  i n d i c a t e s  a broadening e f f e q t  

upon t h e  resonance wi th  a decrease  i n  t h e  p o t e n t i a l  b a r r i e r  c o e f f i c i e n t .  

These curves are i n  essence r e p l o t t e d  i n  Figure 3 ,  along wi th  those which 

i n d i c a t e  t h e  antenna behavior  for a r e l a t i v e l y  l a r g e  c o l l i s i o n  frequency, 

v = 1 0  ( i . e .  v/oj * . 0 5 ) .  I t  i s  evident  t h a t  t h e  c o l l i s i o n a l  effect  

4 on Y and I i s  more pronounced for a l a r g e r  va lue  of 6 .  For V = 1 0  , 

however, t h e  dev ia t ions  from t h e  v = 0 curves are so smalb as t o  be un- 

6 

P 

DC 

d i sce rnab le  on t h e  graphs.  

The effect of  c o l l i s i o n s  is most pronounced i n  t h e  behavior  of i m -  

pedance n e a r  w / w  = 1. Figure 4 shows t h e  resonance-l ike e f f e c t  which 

occurs  near t h e  plasma frequency f o r  s e v e r a l  va lues  o f  c o l l i s i o n  frequency. 

The dependence of  t h e  s lope  of  t h e  lower p a r t  of t h i s  resonance on col- 

l i s i o n  frequency sugges ts  a p o s s i b l e  scheme f o r  i t s  determinat ion;  and 

t h e  occurrence o f  t h i s  resonance almost a t  t h e  plasma frequency sugges ts  

a means f o r  t h e  de te rmina t ion  of t h e  l a t te r .  However, t h e  p o s s i b i l i t y  of 

a "s t ray"  shunt  capac i tance  unaccounted f o r  i n  t h e  a n a l y s i s  i s  s u f f i c i e n t  

t o  make such de termina t ions  f u t i l e .  

5 ,  i n  which t h e  r ea l  p a r t  of Z i s  shown for v = 10 

"s t ray"  shunt  capac i tance  ranging from 0 t o  5 p f .  

P 

This f u t i l i t y  is i l l u s t r a t e d  i n  Figure 

4 f o r  several  va lues  of 

The apparent  effects of 
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such a p e r t u r b a t i o n  is  t o  s h i f t  t h e  resonance away from t h e  plasma 

frequency, and t o  broaden t h e  resonance as  w e l l .  

The shea th  th i ckness ,  chosen a r b i t r a r i l y  as 2/k has  some effect  
P, 

This  i s  shown i n  Figure 6 ,  i n  which DC on t h e  behavior  of  Y and of  I 

it i s  apparent  t h a t  t h e  admit tance resonant  frequency inc reases  with in-  

c r eas ing  shea th  th ickness .  

r e s u l t s  from a decrease  i n  t h e  sphere  r a d i u s ,  as w a s  noted by Fejer 

An i n c r e a s e  i n  t h e  resonant  frequency a l s o  

C19641 and is  i l l u s t r a t e d  i n  Figure 7. 

In  t h e  d i scuss ion  fol lowing equat ion ( 4 9 )  it was noted t h a t  f o r  

w / w  

is due t o  t h e  mutual cQupling of t h e  two spheres  v i a  e l e c t r o a c o u s t j c  

1 an o s c i l l a t i n g  dependence of  ZL on frequency i s  p red ic t ed .  This 
P 

waves, which may have wavelengths s i g n i f i c a n t l y  less than t h e  d i s t a n c e  

s e p a r a t i n g  t h e  spheres  for w / w  > 1. The effect  i s  m w t  no t i ceab le  

i n  t h e  behavior  of t h e  r e a l  p a r t  of admit tance,  as is  i l l u s t r a t e d  i n  Figure 

8. 

a s c e r t a i n e d  from t h e  d i f f e r e n c e  i n  i t s  pe r iod  f o r  t h e  l eng ths  L = .2 and .5  

meter. An a d d i t i o n a l  p rope r ty  of L is i ts  e f f e c t  on t h e  frequency of t h e  

resonance o f  Y and I i n  t h a t  decreas ing  L tends  t o  inc rease  t h e  reson- 

P 

That t h i s  r i p p l e  i s  r e l a t e d  t o  t h e  sepa ra t ion  o f  t h e  spheres  may be 

DC ’ 
a n t  frequency. 

The foregoing a n a l y s i s  is n o t  e n t i r e l y  app l i cab le  t o  t h e  i n t e r p r e -  

t a t i o n  o f  ionospher ic  experiments,  because t h e  l a t t e r  are conducted i n  an 

a n i s o t r o p i c  medium, I t  does i n d i c a t e ,  however, t h e  p red ic t ed  na tu re  of 

s Q m e  o f  t h e  dimensional ly  dependent features of  t h e  behavior  of an antenna 

i n  an i s o t r o p i c  w a r m  plasma, which may reasonably  be expected t o  have 

coun te rpa r t s  i n  an  a n i s o t r o p i c  plasma. 



7 .  Conclusions 

The approximate shea th  boundary cond i t ion ,  r ep resen ted  by a 

s t a t i c  e l ec t r i c  double l a y e r ,  has  been shown t o  be capable o f  r ep resen t ing  

t h e  s t a t i c  behavior  o f  t h e  shea th  about a probe i n  a w a r m  plasma. 

a p p l i c a t i o n  of t h e  hydrodynamic theo ry  t o  waves i n  a w a r m  plasma t h e  

boundary cond i t ion  has  been shown t o  l e a d  t o  r e s u l t s  which are  n o t  un l ike  

exper imenta l  obse rva t ions  of antenna admittance aod d i r e c t  c u r r e n t  c o l l e c t i o n .  

With 

Comparison of t h e  p r e s e n t  a n a l y s i s  a p p l i e d  t o  an i s o l a t e d  s p h e r i c a l  r a d i a t o r  

shows t h a t  it l e a d s  t o  t h e  r e s u l t s  of q t h e r  workers for t h e  l i m i t i n g  

boundary cond i t ions  o f  p e r f e c t  r e f l e c t i o n  and complete abso rp t ion .  
a 

I n  a d d i t i o n  t h e  p r e s e n t  a n a l y s i s  i nc ludes  a u s e f u l  probe conf igu ra t ion ,  

f o r  p o s s i b l e  ionospher ic  a p p l i c a t i o n ,  which o f f e r s  t h e  hope of b e t t e r  

agreement between theo ry  and experiment because of t h e  clear d i v i s i o n  

of t r a n s v e r s e  and l o n g i t u d i n a l  sou rce  terms n o t  ob ta ined  with an ord inary  

d ipo le .  

The s i g n i f i c a n c e  o f  t h e  p r e s e n t  approach t o  t h e  shea th  problem does 

n o t  l i e  i n  i t s  a p p l i c a t i o n  t o  t h e  impedance of a sphere  i n  an i s o t r o p i c  

w a r m  plasma. Rather  t h e  purpose o f  t h i s  paper has been t o  demonstrate 

t h a t  wi th  an a p p r o p r i a t e  boundary cond i t ion  t h e  hydrodynamic theory i s  

capable o f  g iv ing  r e s u l t s  which are reasonable  and which do n o t  d i sag ree  

wi th  exper imenta l  evidence. A r a m i f i c a t i o n  o f  t h e s e  r e s u l t s  i s  t h a t  t h e  

hydrodynamic theo ry  can be  app l i ed ,  w i t h  reasonable  confidence,  t o  more 

complicated s i t u a t i o n s ,  such as t h e  behavior of an antenna in an a n i s o t r o p i c  

w a r m  plasma. 
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Figure  Capt ions 

Figure 1. 

Figure 2 .  

F igure  3. Effect of c o l l i s i o n s  on admit tance and d i r e c t  cu r ren t  for 0 = 3 

Configurat ion of t h e  assumed antenna.  

Admittance and d i r e c t  c u r r e n t  f o r  0 = 3 and 5 with v = 0 .  

and 5. 

F igure  4. Effect of c o l l i s i o n s  on impedance nea r  t h e  plasma frequency. 

F igure  5. Effect of s t r a y  shunt  capac i tance  on impedance near  t h e  plasma 

frequency. 

Figure 6. E f f e c t  of t h e  assumed shea th  th ickness  on admit tance and 

d i r e c t  c u r r e n t .  

Figure 7 .  

Figure 8.  Effect  of antenna l eng th  on admittance and d i r e c t  cu r ren t .  

Effect o f  sphere  r ad ius  on admittance and d i r e c t  cur ren t .  



L 

RADIUS = R 

-R.E SOURCE 

---- CYLINDRICAL 
CONDUCTOR 



.2 .5 I .o 2 .o 
"/"P 



c3 - I -  - 
I I I I I I I I  I 



. 

I o6 

i 
1.01 I .Q2 



n 
N 

lo5 1 

a, a 

I I I I I I  ' -2 x IO6 

I 

4 9 = 3 ,  u = IO 

CAPACITANCE: 
0 '  

J pf - - 
3pf 

5Pf ------- 

6 x 10 5 - -  

]I 
'I 
' I  

T 
11 

I I  
II 

I .o 2 .o 



d 

5 x  

E 

-5% 
- 

10-3 

0 
\ \\  4 





x 10-6 

0 n 

- 10-5 

0 
.2 .5 1.0 2.0 

cc'/"P 


